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SUMMARY

An asymptotic scheme is presented for the solution of the steady state and time dependent stream functions for
flows in symmetric curved walled channels. In this scheme a class of non-linear Jeffery—Hamel solutions
appear at O(1), and thus provide the first approximation to the steady state stream function. This class of
Jeffery—Hamel solutions are evaluated by using a simple perturbation about Poiseuille flow.

The classic Orr—Sommerfeld eigenproblem appears at O(1) in the asymptotic development of the time
dependent stream function, but here there is a slow streamwise dependence. This eigenvalue problem, for a
complex wave number, is solved using an algorithm which automatically provides an initial guess which is
then used to iterate to the correct eigenvalue.

Higher order terms in the asymptotic development, for both the steady state and time dependent stream
functions, are evaluated to provide a solution for the total stream function.

KEY WORDs Jeffery~Hamel Orr~Sommerfeld

1. INTRODUCTION

In this investigation we consider flows in curved walled channels, and express the Navier—Stokes
equations for a viscous incompressible fluid in terms of Fraenkel's'? general orthogonal co-
ordinates. In the results presented here, the curvatures of the channel walls are constant in sign.

We consider first a steady state spatially dependent stream function Q(&,#) (where & and #
represent the downstream and transverse co-ordinates respectively), and present the analysis in
Section 3. Using Fraenkel’s! ? small wall curvature theory, a class of Jeffery—~Hamel solutions,>#
which are exact for channels with plane walls® (henceforth straight walls), are used as a first
approximation for channels with slowly varying walls. Hence, the asymptotic development for
(&, n) is expressed in ascending powers of a small parameter, where these non-linear Jeffery-
Hamel solutions appear at first order. The slow variation of Q(&, n) in the streamwise direction is
expressed in terms of a slow variable o, = £'/2¢,° and these non-parallel slow variations along with
curvature are accounted for by higher order terms.

The class of Jeffery-Hamel solutions are perturbed about linear functions, the first of which
represents plane Poiseuille flow.” These perturbation functions are unique for every Jeffery—Hamel
solution here, and need only be computed once. The linear differential equations satisfied by the
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perturbation functions are discretized using central difference formulae of O(h*). However, in order
to define these functions throughout the whole problem domain it is necessary to use mixed order
difference formulae in the boundary conditions. The numerical scheme to evaluate a class of
Jeffery—Hamel solutions is found to be economic even for a large number of perturbation
functions. The final results agree very well with other numerical results®® and with results
computed from analytic expressions.!-?

The linear differential equations for the higher order functions in the asymptotic development
for (¢, n), are discretized using a similar finite difference scheme to that used for the perturbation
functions. The set of matrix equations obtained have a common L.H.S. with a different R H.S.
vector for each of these higher order functions.

A small disturbance ®(¢, 4, 1) to the steady state Q(&, n) is considered in Section 4. The resulting
linear differential equations, with slowly varying coefficients, independent of time, suggest that
fixed frequency disturbances of form (o, n)exp((0(£)— Pt)) are appropriate solutions for
D(&,n,t). The slow variation in the é-direction is allowed for through the complex wave number
k(o,) where df/d¢ =k(s,). This form to ®(&,n,1), with spatially varying amplitude,'® is a
modification to the quasi-parallel approach which would ignore the slow variation in the ¢&-
direction.® 1!

The asymptotic development for ®(&, #,t) yields the classic Orr~Sommerfeld eigenproblem at
lowest order, where here the coefficients exhibit the slow variation with £.8 In fact this problem has
formed the basis for linearized stability theory for over half a century.'?'* Earlier analytical
methods for its solution have been superseded by numerical ones, and an important investigation is
referenced in Reference 16. In the present investigation, the necessary characteristic equation
defining the eigenrelation is approxiniated by a quartic equation with complex coefficients. This
quartic yields a consistent and good initial guess which is used in a modified quadratic Newton—~
Raphson scheme to iterate to the correct eigenvalue.

The solution of the higher order disturbance equations implied by the asymptotic development
for ®(¢, n,t) is described in general form, and Runge—Kutta schemes of order four are used to find
particular solutions to these equations.

The potential to carry out a full stability analysis is discussed in Section 5, and the application of
the theory to channels with more general curvature is exemplified in Figures 7 and 8.

2. THE PROBLEM

Consider the Navier—Stokes equations in two dimensions for an incompressible viscous fluid. We
can express these equations using general orthogonal co-ordinates (a,,a,) in terms of the
dimensional stream function ¥,!”7 which is given by

0 1 [o¥ o oY o
aT(VZ‘F) i hz[ —(V 2‘1’)——~—~—~—~(V2‘I’)]——VV4‘P (n

where T is time, h, and h, are the scalar factors and

VT o (h o\ @ /[h o
2 2 1
Vo= hz[aa1 (hl 0a1>+6a2(h2 aazﬂ

The co-ordinate system to be used here is in FraenKel's!:? notation, and this is recalled and
summarized.

Let (X,Y) denote the dimensional system of Cartesian co-ordinates where the following
transformation is used:

da, Bal

Z=Z(()ywhere Z=X+iY and { =& +in
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We also define H and 8 by
dz
d¢
Here, H is a dimensional scaling factor, that is an arc length dS in the Z plane is H times the

corresponding arc length in the { plane, |dZ|= H|d{|. The parameter 9 is the angle between
corresponding line elements, so that arg (dZ) — arg(d{)= 8. Let

= H(Z, n)exp (i%(, 7)) 2)

d dz .
d—C< In (ﬁf)) = (&, n) —iME,m) = w0 3
Using (2) and (3), the Cauchy—Riemann equations yield
1¢H 09
K= _ﬁ —az‘ = % (43)
1 6H 09

where x/H and A/H are the curvatures in the Z-plane of the co-ordinate lines corresponding to
¢ = constant, and # = constant, respectively. The form of (1) can now be transformed in terms of
Fraenkel’s general orthogonal co-ordinates (£, %) where h; = h, = H, a, = ¢ and a, = n. The non-
dimensional equation is found by setting

- bt

V= MWY;, H =bh, Tz—M—; Z=bz (5
where M is defined to be half the volumetric flow rate per unit depth normal to the (£, ) plane, 2b is
approximately the throat width of the channel at £=0, and it can be shown that 2H is

E: constant

T =-1

Figure 1. A curved walled channel given by «(t) = ¢'/> + ¢!?mz for m= 1 and &'/* = 04
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approximately the width of the channel corresponding to & = constant.!*? The channel shape and
notation are shown in Figure 1. Thus (1) can be shown to take the form

a o .0 . , 0
{R(D 4(xa€+xa”)+4m +A)>—h "

0¥ a v o oV oY
Y . ST anptt 2p
(5?1 3 3¢ on 2K6n+2 aé)}D‘P 0 (6)

where D? = 0%/0n* + 3*/0&* and the boundary conditions are given by

Y=+1, at n=+1 (M
and

@£=Q at g=+1 (8)

on

The Reynolds number R has been defined by M/v. It is necessary to define R in this way so that it
will not vary from station to station in the channel.’

The condition {7) follows from the definitions of W and M earlier, and (8) is the no slip condition
at the walls of the channel. It should be emphasized that (7) and (8) do not necessarily imply that ¥
is an odd (antisymmetric) function, but are consistent with such an assumption.

It is assumed that ‘P, the total stream function, is given by

W& n, 1) = Q& n) + D, n.0) ©

where Q(&, ) is called the steady state stream function and ®(&,#,1) is called the time dependent
stream function. In addition, the functions Q and @ are chosen to be the odd and even parts of P,
respectively, with respect to #.

3. THE STEADY STATE EQUATIONS

3.1. Theory
The steady state equation for &, #) may be deduced from (6), it is given by

{-;;(DZ——4(K—6—+ A;%) + 42 + ,12)>— (-@i—?—gi-z;ﬁ%ﬂh 2Aa—g)}DZQ=0

o¢ oy o  a¢ o 0 ¢
] 1 " (108)
and
oQ
Q=+41, at p=+1; ?,};;=O, at g=+1 (10b)

It can be seen that (10a) is non-linear.
Fraenkel's’? asymptotic development of the solution to (10a) depends on a parameter ¢,
assumed to be small, such that

=1 =0 t=0+1e (an
In addition he proposes
) = o) (12)

These relations ensure that p varies slowly with { and is nearly real. The geometric significance of
function aft) is that it may be shown to be approximately equal to the real semi-divergence angle of
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the channel wall (see Figure 1). Fraenkel'-? showed that the choice of «(t) depends crucially on two
necessary conditions to be satisfied by R and ¢, these are

Ra=0(1) (13)
and

Re < 0(1) (14)

With these conditions Fraenkel ensured that a class of Jeffery-Hamel solutions for a straight
walled channel appear as the first order terms in the solution for the curved walled channel.
Fraenkel’s asymptotic solution of (10a) is based on ¢— 0 with g, # fixed.

In the present case the channel chosen is characterized by

oft) =& + &2me (15)

The choice of the parameters ¢ and ¢, although justified for the steady state case, leads to problems
of unboundedness in the time dependent analysis. For this reason the introduction of a new slow
variable, g,, becomes necessary. This is given by

o, =e'%¢ (16a)
which implies
o =¢'%, (16b)

The asymptotic analysis will now be based on £/2 — 0 with ¢, and # fixed. Exact expressions for
and 1 in terms of ¢'/? can be obtained from (3) and (15). The choice of x(t) and a parameter v such
that

R=-13 17

ensures that (13) and (14) are satisfied.
It is shown in Appendix I that the asymptotic expansion for &, #) takes the form

Q¢ n;0,m) = Gy + eV4G3 + 6,G) + &(Gs + 6,G4 + 032G ) + - (18)
The equation for G, is given by
d*G, dG, d*G, _

2o Yo 19
dn* +e dn dn? (192)
where
Go=+1; (L—Cj?q:O, at np=+1 (19b)

The first order term, G,, represents a class of Jeffery—Hamel solutions for the straight walled
channel. The equations for the remaining functions may be expressed in the general form

d*G, d /dG,dG;
L — | 2= F(G, j=i—1,i—2,...,0 20
et vdn(dn dn) @) (i=i-Li ) (20a)
where
@:%%:Q at p=+1 (=1 (20b)

Explicit expressions for F(G;) may be found in References 18 and 19.
One result from the assumption that (&, ) is odd is that the functions G(i = 0) are also odd.
The scheme used to determine G, is essentially a perturbation about Poiseuille flow, where G, is
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expanded as a Taylor series in power of v.

w, ()"
¥l

2
Goft) = Woft)  Wy{)o + walo) 3+ -+ =0 T 1)
where the w,’s are called perturbation functions. The function w, represents Poiseuille flow.

It is interesting to note here that the solution to the problem follows a natural physically based
sequence. The solution of the curved walled channel is obtained by perturbing about the straight
walled channel, the solution of which in turn is based on perturbing about Poiseuille flow. Thus the
three stages, from paraliel to straight to curved walled channels are naturally introduced as steps in
obtaining the final solutions.

Since G, is an odd function, the boundary conditions in (19b) may be rewritten as

dGo
dn

On substituting (21) into (19a) and comparing powers of v, the following expressions are obtained
for the perturbation functions w,.

Go(0) =0, %%Q(O) =0, Go(h)=1, =0 22

d*w
=0
dn* (23a)
where
d?wo dw,
wo(0) = —a—nT(O) =0; wy(l)=1, ~d—'~7—(1) =0 (23b)
and
d4W r r! dW 4 d2w _
LA 2 s r—s 1. >
dn* s; [(r~s)!(s— 0 dyp  dp? ] r=1 (24a)
where
dzwr dWr
w,(0) = o 0=0 w(l)= d (Hh=0 (24b)

3.2. The numerical solution

These linear differential equations may be discretized using central difference expressions of
O(h*), given in Appendix II. In matrix form they become

[A1{w} = {B}: r=>0 2s)

The banded matrix [ A] containing the finite difference coefficients is common to all the w,’s, and
hence needs to be generated only once. The functions are defined at the grid points 1 to N inside the
problem domain, that is n=0 to =1, by the application of the discretized forms of either
equations (23a) or (24a) at these points (see Figure 2).

When using central difference expressions of O(h*) problems may be encountered near to or on
the boundaries. To illustrate these problems we refer to Figure 2. The application of the discretized

TM=0 =1
— -850 -4
A 7y A\ ZERNY) ‘”@'@"@'—
-3 -2 -1 0 1 2 N-2N-1 N N+1 N+2N+3

Figure 2. A finite difference grid for half the channel



CHANNELS WITH SMALL WALL CURVATURE 175

forms of either equations (23a) or (24a) (see Appendix II) at # = 0 and y# = 1, requires the definition
of the functions at auxiliary points outside the problem domain, as shown in Figure 2. The
antisymmetric conditions at n = 0 are sufficient to define these auxiliary points. However, at = 1
only two boundary conditions are available, as shown by equations (23b) or (24b). This difficulty
can be overcome by eliminating the grid point (N + 3) from the finite difference solution. This can
be achieved by using mixed central-backward difference expressions for the fourth derivative on
the boundary, so that the point (N + 3) does not appear in the solution. However, numerical
instabilities and associated convergence problems were introduced with this approach.!8

An alternative method, discussed in more detail in Reference 18, involves the derivation of an
additional boundary condition that can be used to define point (N + 3). This can be obtained by
differentiating equations (23a) and (24a) once with respect to 1, so that

d’w
dn;’:o, at p=1 (26a)
and
dw r rl d*w,_, d*w,_
' ) s r—s , t — 1, 21 26
ar x [(r—-s)!(s-«l)! d?r dy? ] abm r (26b)

The dilemma of using the discretized form of equations (26), using finite differences of O(h*), is that
they involve an additional point (N + 4), which again is undefined. To overcome this problem,
finite difference expressions were derived for the relevant derivatives of w, from the same
polynomial, as shown in Appendix IIl. The consistency of this method lies in the fact that all
derivatives have been derived from a polynomial of O(8). The derived finite difference expressions
in Appendix II involve only three auxiliary points at (N + 1), (N + 2) and (N + 3), which are now
completely defined by the use of the discretized forms of equations (23b) and (26a) or (24b) and
(26b). This scheme was found to produce results for G, which agreed to four significant figures with
exact analytic based on elliptic functions. **? Such results are shown in Table 1.

The advantage of the present method in comparison to the other available methods of solution,
such as Runge—-Kutta schemes, is that the perturbation functions w,(s) need be obtained only once,
and G, can then be simply computed using equation (21) for any value of v.

Once G, has been computed, solutions for G{j=1,...,5) may be obtained by discretizing
equation (20) using a scheme similar to that discussed for G,. The resulting discretized linear
algebraic equations take a form similar to equation (25). In this, the left hand side matrix need be
constructed only once. Solutions for different G; may be obtained after computing the relevant
right hand side vector, using equation (20).

Table I. A class of Jeffery-Hamel profiles at
n=0, by elliptic functions, and the present
perturbation scheme, for a range of v

Elliptic Perturbation
v (Fraenkel) (present)
313 1781 1-781
3572 1-856 1-856
3904 1-926 1926
4-093 1973 1973
4-295 2031 2-031
4712 2-188 2-188

5102 2:429 2:429
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Table I1. Results of G, and some derivatives at y = 0-5, using 80  steps with v = 5,fora
different number of perturbation terms in the straight walled channel

Perturbation

terms Go(0-5) Gy (0-5) G4(0-5) Gy (05)
8 0-856785 0892198 ~3-505546  4-112094

16 0-873550 0-859079 — 3664425 5208263
32 0-878250 0-849729 —3707526 5510530
40 0-876610 0-849011 —~3710787 5533522
48 0-878742 0-848749 ~3711974 5541906
56 0-878792 0-848648 ~3712430 5545129
64 0878813 0-848607 —3712612 5546515

Table I1I. Results of G, and some derivatives at # = 0-6, using 64 perturbation
terms with v =5, for a different number of # steps in the straight walled channel

Number of
steps Go(0-6) Go(0-6) G(06) Gg(0-6)
20 0946175 0-509933 — 3-030069 7-844196
30 0946156 0-509661 — 3-029546 7-848162
40 0946152 0-509614 —3-029455 7-848649
50 0946151 0-509602 — 3-029430 7-848763
60 0-946151 0-509597 — 3029421 7-848800
70 0-946151 0-509595 — 3029417 7-848815
80 0946151 0-509594 — 3029415 7-848822

Table 1V. Results of G and some derivatives at # = 0-6, using 64 perturbation terms with v = 5,
for a different number of x steps in the curved walled channel

Number of #
steps G(0-6) G5(0-6) G%(0-6) G%(0-6)
20 3041040 — 9745376 —16:160815 212483875
30 3-:011692 —9-642115 - 16-079510 209-804742
40 3-006590 —9-624146 — 16065167 209333534
50 3005175 —~9-619519 — 16061159 209-202239
60 3004662 —9-617354 — 16:059703 209-154608
70 3-:004442 — 9616576 — 16:059074 209-134069
80 3-004334 — 9616197 — 16-:058766 209-124049

A parametric study was carried out and the results, which are summarized in Tables IT-1V,
showed that for an extreme value of v, 64 perturbation in equation (21) and 80# steps were
necessary for convergence to at least four significant figures for G,(i = 0,..., 5), and their first three
derivatives, where G denotes the first derivative w.r.t. . Computationally the scheme was found to
be both economic and efficient.

The steady state stream function Q may now be computed using equation (18) for the complete
range and the required values of the downstream variable o,.

The convergence of the truncated expansion for Q, given by equation (18), up to the O(¢) term, is
examined in Figures 3 and 4. This is achieved by comparing the present solution with that obtained
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Figure 3. The steady state stream function in the downstream direction at different orders for v=3-572; R =30,
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Figure 4. The steady state stream function in the transverse direction at different orders for v =471; R=30, m=1,

ato;=00and 6, =16, ~---- Of), ——0(e¥%)

by extending equation (18) to include the O(¢*?) term (reported in Reference 18). The plots of
Q(&, n) corresponding to various orders of (¢1/?) in Figure 3 justify the asymptotic scheme adopted.
Within the range of interest for ¢, and v

00<a,<20
00<v <50
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The maximum difference between the O(¢*?) and the O(g) solutions for Q was always found to be
less than 7 per cent. This is reflected in the close agreement between the corresponding curves in
Figures 4(a) and 4(b). It can therefore be concluded that truncation of Q as given by equation (18)
yields sufficiently accurate results.

4. THE TIME DEPENDENT EQUATIONS

4.1. The theory

The time dependent stream function @ can be thought of as an infinitesimal disturbance to the
steady state. The equation for ®(&, 1, t) can be found by substituting (9) into (6) and assuming that
non-linear terms in @ are sufficiently small to be neglected. We obtain

1 pe 6., 2, g2 20 (@0 Q09 , 0Q 2
{R<D —4< K5et e )+4(x +z)) e e +2xa£ D20

ob o b D oD oD
mmmmm 2K 2D =0
(an 9 dEam Mo az:) (273)
where
@
(D=§-=O, at n=+1 (27b)
on

The coefficients of (27a) are independent of time and are slowly varying with £. The stream function
of the disturbance, for constant frequency, f, is chosen to be of the form

D&, 1, 0) = Ploy,m) exp (LO(S) — pt]) +c.c. (28

where c.c. represents the complex conjugate of the preceding term, and f is chosen to be real.
The slow variation of the coefficients in the £-direction is allowed for by the use of a complex
wave number k(o). This is defined in terms of the complex phase function 8(¢) where

dé
dé
The expression for the non-dimensional scaling factor a, appearing in equation (27a), may be

obtained for the present channel (equation 15) by combining equations (2), (3) and (5), with
dz/d{ =1 at { =0, so that

= k(o) (29)

h~exp[a +s”220 +83/z—rg~n2] (30)

In the steady state case R and &'/* are related through the use of equation (17). However, this
relationship is relaxed in this time dependent analysis, with R and &'/? assumed to be independent
for the purpose of establishing an asymptotic solution to equation (27). Nevertheless, equation (17)
is still considered to apply and it is returned to in the final analysis of the results. This artificial
relaxation allows the retention of the important viscous term, identified by 1/R in equation (27a),in
the first order term of the asymptotic expansion for ¢. This first order term now provides a more
accurate approximation to the exact solution than would be the case otherwise. This technique
has been used by other authors,®2°72* where more detailed explanations are given. In fact a direct
numerical approach® on the investigations in References 8 and 24 provides another check on the
validity of this technique.
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The asymptotic development for ¢ takes the form

B0y, R,m) = (01,1, R,m) + €' 2y (04,1, R,m) + ed(oy, m; Rym) + - 31
The function ¢ is conveniently normalized by assuming that
$(0,0)=1 (32)
and (32) can be equivalently expressed by
0:(0,0)=1; ¢0,00=0;, i=>1 (33)

By substituting (31) into (27a) and comparing powers of £!/2 once more the following set of
equations are obtained.
At O(1) we have

Lpo=0 (34a)
where

Poloy, £1)= ¢°(m, +1)=0 (34b)

and
L=2(D? k2 +i ﬁx—kg—g‘-’— (D? — k) +1i % Go (i" (34c)

R dn dn
with
62

Bi=pe* and D?= s (34d)

This represents the classic Orr—Sommerfeld problem with the frequency, j, and the wave number,
k, being replaced by functions of the slow variable o, which are f{s,) and k(o ), respectively. Fora
given f§ (real) and fixed o, it is an eigenvalue problem in k.

The higher order equations are of the form

Lg;=Ty; ix>1 (35a)
where

dfo, £ 1) —-—dﬁ(ol, +1)= iz1 (35b)

The R.H.S. of equation (35a) increases in complexity with each i. In fact

d
=T (G020 k) 66

Oy 0* dk d*k
rz-rz(qbo, e g b afl) (36b)

The exact forms of (36a) and (36b) can be found in References 18 and 19.
The downstream variable ¢, only appears as a parameter in the homogeneous equation (34a),
and so a solution may be found in the form

$olo1,1) = Agloy) folos,m) (37a)

folo, £ 1) --f—o(ax, +1)=0 (37b)

and

where
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From the theory of homogeneous differential equations,?> the solution for the non-homogeneous
stream functions ¢; may be put in the form

ddo,m)=flo,n+ Alo)foloy,n);, i=1 (38a)
where
flo, £ )= aaj; (0, £)=0; i=1 (38b)

Using the normalization given by equation (33) and choosing
Solo,0)=1; fio,00=0; i>1 (39)

the complex functions 4 (o, ){(i = 0) can be interpreted as the amplitudes of ¢, along the centre of the
channel.

4.2. Numerical solution

The scheme to solve equation (34) is described as follows.
The complex eigenfunction f is an even function in # and hence the boundary conditions (37b)
can be replaced by the following conditions for all ;.

0fo _fo
= = pead 4
n = o 0, at =0 (40a)
dfo
fo on 0, at g (40b)
Let u,(n) and u,(n) be particular solutions to (34) for fixed o, then
Solo1,1m) = Byuy + Byu, (41)

where B, and B, are arbitrary constants for fixed o,.
Using (41) and (40b) we obtain

Biuy (1) + Byu,(1) =0 (42a)
du, du, =
Bx-&"?“(l)“*‘Bz”d*;"(l)—O (42b)

From the theory of homogeneous algebraic equations, a certain characteristic equation must hold
for a non-trivial solution to (34). This can be expressed here by insisting that B, and B, are non-
trivial and so

du, du,
ulm-f”w(l) - uz(l){;(l) =0 (43)

This equation defines the eigenrelation for equation (34).
The particular solutions u, () and u,(n) are expanded about 5 = 0 using a Taylor series satisfying
the following conditions at the centre:

(0)=0,  u(0)=1 (44a)

fiffl(()) =0, du,

i i ©)=0 (44b)
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d?u d?u
.@;(O)z 1, ey 2(0)=0 (44c)
d3u d3u
"Ei}{% 0)=0, —— 0= (44d)

These conditions are chosen to satisfy equation (40a), otherwise the choice of equations (44a) and
(44c) is arbitrary. The fourth derivatives in the expansions for 1, and u, may be obtained using
equation (34a). Hence these expansions take the form

2 4
= Q,_ 1 i (_1_90 201 2
u;(n) = 5 + 24[lkR dr (0) —~iRfe* + 2k (45a)
4 3 d
”2(77) =1+ 24[1621(/)’62‘“ — lkR d GO (0) —_ k3 dy[o (O) — k‘{] 4o (45b)

Assuming that equations (45) describe functions u, and u, approximately for all #’s, substitution
in equation (43) yields the following quartic in k, which can be regarding as an approximation
to the exact eigenrelation.

k* iRdG 1 iR iR[ 1d°G dG iR
+—mw~—90)k3+(§—~§zﬁ‘>k2 [ 2 (0) + M-Q(O)}k+1—»—6~ﬁ,=0 (46)

This quartic polynomial with complex coefficients is solved completely for each ¢, by using a
modified Newton~Raphson technique for such polynomials. The complex roots to (46) exhibit an
interesting consistency in that one of these always has a positive real part, and the remaining three
always have a negative real part. In the context of this problem the physical wave number of the
channel is defined by k, (Real (k)). Thus the approximate root is the one characterized by a positive
real part. This consistency may be explained by appealing to the relationships between the roots of
the polynomial (46), its coefficients, and the physical constraints of the problem. It is shown in
Figure 5 that the real part of the approximate eigenvalue kg, obtained by using equation (46)
becomes closer to the ‘exact” value, obtained from the ‘exact’ solution of the differential
equation (34), at large values of o,. This property of the approximate solution was used in the
numerical iterative scheme employed to obtain a more accurate solution to the eigenvalue
problem.

With this initial estimate of k, starting with the maximum value in the ¢ range, a ‘marching’
iterative scheme (based on a Runga-Kutta method of order four) was used to solve u,(#) and u,().
The ‘marching’ scheme was started at the centre of the channel, # =0, where u, and u, satisfy
conditions (44).

With a complete set of u,’s and u,’s computed for this approximate eigenvalue k,, a function
F(kg) is defined by

Flko) =uy(1) - (1)~ 2(1)du1(1) (47
By defining two more eigenvalues k, and k, close to k,, with their respective functions F(k,), F(k,),
a modified quadratic Newton—Raphson scheme,*¢2° requiring three initial values of k is used to
predict a more accurate eigenvalue. The whole process is repeated until this iterative procedure
gives a set of u,’s and u,’s which satisfy (43) within the required numerical accuracy. Once the correct
eigenvalue has been obtained it then becomes the approximation for the next o4, so equation (46) is
used only once to obtain an initial guess for k for each different set of R, v and . The normalization



182 G. A. GEORGIOU AND C. P. ELLINAS

1.0
0.0 . i ) i ! T
0.0 0.2 0.4 0.6 0.8 ('J’1
Figure 5. The approximate eigenvalue compared with the correct value for v = 4-093; R = 100, § = 1-5. ——correct, ---- -

approximation

on f, (39), and the condition (44a) are sufficient to define B,, and the boundary conditions (42) at
the wall, y = 1, define B,. In this way the eigenfunction fy(o,,#) can be defined completely.

With f, obtained it only remains to solve for 4, in order to define ¢, completely. To solve for 4,
we appeal to a solvability condition on ¢,. It can be shown from the theory of non-homogeneous
differential equations,?® that

1 foL¢ dn=0 @)

where f, is the adjoint eigenfunction of f,,. Using equations (35a) and (36a) for i = 1, the solvability
condition may be shown!8:1° to reduce to the form

d4,
&g, HHE)A=0 (49a)

and from (33)
Ag0)=1 (49b)
The complex function H(s,) is defined in terms of definite integrals.!®1® Integration of equation
(49) gives
Aoloy) = expl: - f H(s) dsJ (50)
0

In a similar fashion the equations for all subsequent amplitude functions A{a,); (i = 1) can be found
by appealing to the solvability condition on the next order equation for ¢, ,. The solvability
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condition can now be generalized to read

1
foLirydn=0; i=0 (51
~1
for any function Afo,); (i > 0). Proceeding as before we obtain for subsequent 4;s
dA4;
do, F o), i=1 (52a)
with
A0y =0 (52b)

The complex function % (s ,) is defined explicitly in References 18 and 19 for the case corresponding
to i=1. It can be shown by integrating equation (52a) that

Aoy = o(al)r f;

The particular integrals f{c,,n) for the non-homogeneous system (35a) can be expressed?® for
fixed o, by

i1 (53)

flo,m = Xam) + Yu(m) + Ufy), iz 1‘ (54)

where u, and u, are the particular solutions for fixed o, of the previous homogeneous problem, and
U#) is a particular solution to (35a); X, Y; are constants for some fixed ¢,. The conditions at the
wall (38) yield

Xy (1) + Yauy(1) + U(1) =0 (55a)

x, 340 4 d”Z(l) +_.,,.(1) 0 (55b)

z‘a;"

0.0 L ! -
0.0 0.5 1.0 1.5 20 &l

Figure 6. The behaviour of ¢ versus  at o, = 1-28, with and without the ¢'/2 correction; v = 4093, R = 30. -« - -~ ol ——
I +&'2]
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The eigenrelation (43) indicates that equations (55a) and (55b) are not independent, and hence an
infinity of solutions exist for X, and Y, satisfying (55). Thus in order to find particular solutions of
(55), without loss of generality we may choose Y; =0, and so

Uy duydy
T u(l) duy(1)/dy

The function Ufn) can be computed using a Runga—Kutta method similar to that described for
uy () and u,(n).

It can be seen that the complexities of the formulations and their solutions increase dramatically
with increasing order of terms in equation (31). For this reason and for the requirements of the
present solution, it was found sufficient to truncate equation (31) up to and including the ¢, term.
However, the function f, was computed for the purpose of checking the accuracy of the amplitude
function 4,(o,). In general, the value of f{i > 1) is accurate when the condition given in (56) is
satisfied, which in turn also serves as a check on the amplitude function A, (o). To define ¢,
completely would mean solving the equation for 4,(c,), and this can only be obtained by using the
solvability condition on ¢, (51).

In Figure 6 the effect of including ¢, in the asymptotic expansion (31) is illustrated. The
maximum observed difference between | ¢, | and | ¢, + £/*¢, | at a position downstream defined by
o, = 1-28, is approximately 13 per cent.

(56)

5. DISCUSSION

The preceding sections have provided the theoretical basis, and the numerical techniques necessary
to solve the Navier—Stokes equations for the steady state, Q(¢,7), and time dependent, (&, n, 1),
stream functions, for flow in a symmetric curved walled channel. In fact this solution for the curved
walled channel given by (15) provides the solution for straight walled channels on settingm =0 or
in the asymptotic sense &'/> — 0, o, 5, m fixed. The solution also contains the Poiseuille case when
g2 =0,

The perturbation scheme employed to solve the non-linear differential equation for Gyy) gave
accurate results even for relatively high values of the perturbation parameter v. In fact a value of
v=>5 was used in a parametric study to optimize the number of perturbation terms and # steps
required.

The occurrence of the Orr—Sommerfeld problem in stability studies makes an independent and
automatic iterative scheme more desirable than purely searching routines, or routines that rely on
drawing information from other investigations.

The full potential of the results with higher order terms and curvature included, may be realized
in a stability study.!® 12 In fact these results would facilitate a stability study of the spatial growth
of the disturbance up to and including the O(e) term. We note that ¢, is not necessary for such a
study*®:1? and its solution would only be necessary if the stability study were to include the O(£3/?)
terms, which in this case would be prohibitively complicated.

The stability analysis would involve finding the critical Reynolds number at each local point,
and using the minimum of these to determine the overall R_,;. By local R_,;, we mean that the local
growth of the disturbance in the streamwise direction can occur for some values of the frequency
when R > R, local, but now growth can occur for any ff when R < R_;, local. In any analysis of
the results the relationship (17) which was relaxed in the time dependent analysis would be returned
to.

The theory can be applied to a number of symmetric curved walled channels. In Figure 7 an
accurate representation of the channel generated by defining oft) = £*?m, sech? , is given. This
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Figure 7. A curved walled channel given by a(r) = &*m, sech?t with m; = 1 and ¢'/? =04

channel is within experimental dimensional limits, and its bottle-neck feature would exhibit nearly
Poiseuille flow far upstream and downstream with Jeffery—Hamel type flow near a region where
the angle of divergence reaches a maximum. An additional channel with physically interesting
features is given in Figure 8, this is a schematic representation of a(t) = &/?m,t/(1 + t2). This
channel may be of interest as it contracts then dilates in a manner similar to a Venturi tube.

A stability study of it would follow the lines of the channel presented in Figure 7, the results of
which may be found in References 18 and 19.

A few velocity profiles have also been included in Figure 8 to demonstrate that we expect the flow
to be initially like Poiseuille (A), then, as the channel contracts, the velocity at the centre decreases

Figure 8. A curved walled channel characterized by «(z) = £'/2m,7/(1 + 12). (The velocity profiles are not to scale)
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(B), and near the region ¢ = 0 it resumes nearly Poiseuille flow again (C). As the channel dilates, the
flow becomes increasingly more like Jeffery—Hamel flow where separation may take place, and
finally ending with nearly Poiseuille flow again (E).

Fraenkel'? states that these slowly varying channels are characterized by the property

C(&) = |(local wall curvature) x (local channel width)| < g, (57

where C(¢)is a dimensionless wall curvature function, and the asymptotic expansion is expressed as
some power of g,. Fraenkel goes on to show that if the parameters in the definition of «(r), equation
(15), are such that

d2(9) (58)
do
then
g = 2¢ . (59)
Under these circumstances the local wall curvature at n = 1, (A/H), may be shown to satisfy
A &
— < —
H H

and since H = bh has a minimum value when ¢, = 0, (30), then the maximum curvature which can
be admitted is given by (h=1)

(60)

x| >
N
o4l ™

6. CONCLUDING REMARKS

We have provided asymptotic and numerical schemes for the solution of the steady state and time
dependent stream functions, for flows in symmetric channels with small wall curvature. In these
schemes a class of non-linear functions appear as first order approximations to the basic flows, and
the Orr—Sommerfeld equation appears as the first order problem for small disturbances to these
basic flows.

The numerical and perturbation methods have produced consistent results, and where
comparisons could be made, these results agree well with other published results.

To test the validity of this stability theory experimentally, it would be necessary to choose an
appropriate a(r) which not only satisfied the constraints of the theory, but was also practical
enough to be constructed in the laboratory. The channels presented in Figures 7 and 8 offer two
such choices.

It can therefore be seen that the theoretical and numerical analyses presented here have
applications in stability studies for the class of channels considered, and other symmetric channels
satisfying the required constraints.

LIST OF SYMBOLS

ay, a, general orthogonal co-ordinates
Afoy) amplitude functions for the disturbance stream functions
¢i(0-1> 77)

b a length scale, approximately half the throat width
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&, 1)
Y&, n,0)
(&, 1)

Q& n)

QO’ Ql’ QZ= QB

the eigenfunction (f,,) and the adjoint eigenfunction
solutions to the O(!/?), and O{g) disturbance equations,
respectively

terms in the steady state stream functions Q(¢,n)
non-dimensional scaling factor

general orthogonal dimensionalized scaling factors
dimensional scaling factor

coefficient in the amplitude equation for Ay(o,)
complex wave number.

operator in the O(1) disturbance equation

curvature parameters.

half the volumetric flow rate

the Reynolds number M /v

non-dimensional time

dimensional time

solutions to the O(1) disturbance equations
parameter defining the Jeffery—Hamel profiles
perturbation functions

non-dimensional x-Cartesian co-ordinate
dimensional x-Cartesian co-ordinate
non-dimensional y-Cartesian coordinate
dimensional y-Cartesian coordinate

X+ 1y

X +1Y

like the semi-divergence angle of the channel walls

a real frequency

the intrinsic real frequency

The parameter characterizing the slow variation

the non-dimensional complex variable (= &+ i)

the non-dimensional transverse co-ordinate

the complex phase function

the angle between corresponding line elements in the Z, { plane
like the curvatures of the lines in the plane

the complex function generating symmetric channels
the kinematic viscosity

the non-dimensional downstream co-ordinate

the slow-downstream variable (= ¢f)

the slow downstream variable ( = ¢!/2¢)

the slow complex variable (= &)

the time-independent disturbance stream function
the time-independent disturbance stream functions of O(1),
O(ct/?), and O(e), respectively

the time-dependent disturbance stream function

the non-dimensional total stream function =Q + @
the dimensional total stream function

the steady state stream function

the O(1), O(e'/?), O(e) and O(e*?) steady state stream functions,
respectively
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APPENDIX I
The asymptotic expansion for Q(&, n) takes the form
Q& n; v,m) = Qofo, 1, v,m) + 72Q (0, 1;v,m) + eQs(o, 3 0,m) + - (61)

In turn Qg, Q, and Q, are expanded in a Taylor series about ¢ = 0 using ¢ = £V/2¢,. New functions
are introduced such that

Qo = yolo 1, m0,m) = Golg; v) + ' %6, G (n; v, m) + a1 Gy(m;v,m) + -+ (62)
Q, = yy(oy,m0,m) = G3(m;v) + e'%6,G4(n; 0,m) + - (63)
Q, = xy(o,mo,m) = Gs(m;v) + - (64)

There is no need to go any further in (63) and (64) since y, and y, are multiplied by ¢/ and ¢
respectively in (61). The final form for  is found by substituting (62), (63) and (64) into (61) and
ordering the terms.

APPENDIX II

The central difference expressions for the derivatives up to the fourth derivative of O(h*) used for
the discretization of equations (23a) and (24a) are

dy; 1
an :TZZ{"’J’hz“S)’iq+8)’i+1‘)’i+2) (65)
d?y, 1
’&;7‘2‘31‘2"‘13(“%44” 16y; -1 —30y; + 16y;i1 1 — yiv2) (66)
d3y, 1
'&3‘2@3‘(%—3 + 8y + 13y 1 — 13y 1 +8Yiv2 — Viea) (67)
d*y, 1
an =EEZ(—yi—3 +12y; 5 =39y, 1 + 56y, — 39y, 1 + 12y;4 5 — Viv3) (68)

APPENDIX III

A consistent method for discretizing boundary conditions is to derive the finite difference
expressions from the same polynomial. In this case an 8th order polynomial was used ati = N (see
Figure 2), so that

dw 1 d?w, 148

¥ Wr )
ay V1t 3G, (N> 4+ o an (N)n® + - (69)

wi(n) = w,{N) +

The necessary derived finite difference expressions are

dw 1
"Ny =—[ — — —2)— N-—-1
dn (N) 6 Oh[ w(N — 3} + 9w (N — 2) — 45w,( )
47w,
+ 45w N + 1) = 9w, (N + 2) + w(N + 3)]+ A,k a7 (N) (70

d?w,
dn?

(N) = §'01717 [wi(N — 3) — 13:5w,(N — 2) + 135w,(N — 1) — 245w,(N)

dS
+ 135wy (N + 1) — 13-5w,(N + 2) + w,(N + 3)] + A,k dr;;r (N) (71)
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d* 1
d';zr (N)= W[ —W/N —3)+ 12w, (N — 2) ~ 39w, (N — 1) + S6w/(N)
JdBw,

—39w,(N + 1)+ 12w,(N + 2) — w/(N + 3)] + A h i (N) (72)
ey ! N —3) 4+ 4w (N —2) — 5w(N — 1
dns ”zﬁ[“wr( - ) Wr( - )_— W,.( - )

,d7w,
4+ 5SwAN + 1)~ 4w, (N + 2} + wN + 3]+ 45h a7 (N) (73)

Here his the grid spacing, and 4,, 4,, A, and A, are discretization error constants. The consistency
of this method lies in the fact that all derivatives have been derived from the same order
polynomial, in this case an O(8) polynomial.
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